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1 Type classi�cation

1.1 Typical CFD problem

Figure 1.1: Sequence to solve a typical CFD problem.

The sequence to solve a typical CFD problem (or any engineering prob-
lem) is shown in Fig. 1.1:

1. physical problem: geometry,etc. based on experiments, experience,
requirements.

2. physical model: approximation, which equation to use,� , � , Ma, ...

3. mathematical model: PDE, BC, etc.

4. discretisation: method to use, FD

5. solution scheme, programming

6. calculation on a computer (see for instancewww.top500.org )

7. validation, error analysis, postprocessing.

In particular the last step, i.e. the careful analysis of the results, might indi-
cate changes in the setup, the equations, resolutionetc. Already discussed:
Steps 1-2 (Fluid Courses)

Now: steps 3-4

8
>>>>>>>><

>>>>>>>>:

model equations

classi�cation, (math & physical)

discretisation with FD

Later: Steps 5-7 (homeworks, project)

www.top500.org
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1.2 Model equations and classi�cations

� Solutions to di�erent kinds of problems or equations behave di�erently.

� Choice of the numerical method depends on the equation to solve.

� Number, type and location of boundary conditions (b.c.) and initial
conditions (i.c.) dependent on problem.

De�nition 1.1 Well-posedness : (Hadamard 1902, natural problems) A
system of PDEs and b.c./i.c. is a well-posed problem if:

1. a solution exists,

2. the solution is unique,

3. the solution depends continuously on the boundary and initial condi-
tions.

Point 3 depends on the type of PDE.
A solution to a problem that is not well-posed (ill-posed) does not make
sense and should not be attempted at all. �

Example 1.1 Backward heat equation : Consider the following PDE
which is the normal heat equation with inverted sign for the di�usive term,

@u
@t

= � �
@2u
@x2

� > 0 : (1.1)

The solution of this equation leads to unbounded ampli�cation of errors (see
also Section 4.3), and is thus not well posed (violates point 3). �

1.3 Classi�cation of PDEs

System of linear, �rst order PDEs of two variables x; y with n unknowns
u1; :::; un ,

A
@u
@x

+ B
@u
@y

= c : (1.2)

Assume a curvef (x; y) = 0 in the two-dimensional ( x; y) plane with speci�c
parametrisation s, as shown in Fig. 1.2:

x = x(s) ; y = y(s) (1.3)

Total derivative:
du
ds

=
@u
@x

dx
ds

+
@u
@y

dy
ds

(1.4)

Chooses � x :
du
dx

�
�
�
f

=
@u
@x

+
dy
dx

�
�
�
f

@u
@y

(1.5)
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Figure 1.2: Curve f (x; y) with derivatives.

The system (1.2) becomes when eliminating@u
@x:

�
B � �A

� @u
@y

= � A
du
dx

+ c (1.6)

with the slope of the curve f

� =
dy
dx

�
�
�
f

: (1.7)

We look for speci�c curvesf , for which in their neighbourhood the evolution
of u along f is not su�cient to determine the complete u, i.e. knowing du

dx

�
�
�
f

is not enough to compute @u
@y:

det(B � � A) = 0 ; (1.8)

or � being an eigenvalue of Ba = � Aa. These speci�c curvesf (x; y) = 0
with � = dy

dx are calledcharacteristics of the system (1.2).
The solution might have discontinuities across characteristics. On the

other hand, information propagates along characteristics. Typically, along
characteristics, a simpler equation (reduced order) holds () method of char-
acteristics).

De�nition 1.2 Type of partial di�erential equation : Depending on
the eigenvalues� , we call the type of the linear system of PDEs (1.2):

a hyperbolic if n real eigenvalues andn linearly independent eigenvectors
a exist,

b parabolic if n real eigenvalues and less thann linearly independent
eigenvectors exist,

c elliptic if n complex (non-real) eigenvalues exist, or

d mixed type if real and complex eigenvalues exist.

�
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Example 1.2 Prandtl{Glauert equation :

(1 � M 2
1 )

@2�
@x2

+
@2�
@y2

= 0 (1.9)

This equation describes the 2D, inviscid, linearised, compressible steady 
ow
over a thin (streamlined) body, see Fig. 1.3.M 1 is the Mach number

Figure 1.3: Flow over a thin body as considered in the Prandtl{Glauert
equation.

M 1 =
u1

c1
; (1.10)

with the speed of soundc1 and the velocity potential

u =
@�
@x

v =
@�
@y

: (1.11)

One can re-write the original system as
(

(1 � M 2
1 )ux + vy = 0

uy � vx = 0 ;
(1.12)

where the second equation comes from� xy = � yx (equality of mixed par-
tials). In more compact form we get

u =
�

u
v

�
A =

�
1 � M 2

1 0
0 � 1

�
B =

�
0 1
1 0

�
; (1.13)

so that the eigenvalue problem

Ba = �Aa (1.14)

has the solution
� 1;2 = �

� p
M 2

1 � 1
� � 1

(1.15)

and
a1=2 = (1 ; �

p
M 2

1 � 1) : (1.16)

For subsonic 
ow (M 1 < 1), the type is elliptic as the eigenvalues are com-
plex. For supersonic 
ow (M 1 > 1), it is hyperbolic as the eigenvalues are
real and the eigenvectors distinct. ForM 1 = 1 the equation is parabolic.
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Figure 1.4: Hyperbolic solution to the Prandtl{Glauert equation.

This is an example of an equation that changes type depending on parame-
ters (in this case the Mach number, which could even change locally). Note
that the time-dependent problem is always hyperbolic.

In the hyperbolic case,M 1 > 1 and shown in Fig. 1.4, we can de�ne the
angle � as

sin � = 1=M1 ) � 1=2 = �
� p

M 2
1 � 1

� � 1
= � tan � : (1.17)

These characteristics are also calledMach lines. �

Extension: Linear PDE of the second order:

E
@2u
@x2

+ F
@2u

@x@y
+ G

@2u
@y2

+ H = 0 (1.18)

with � = dy
dx

�
�
�
c
:

E� 2 � F � + G = 0 (1.19)

� hyperbolic if two real characteristic:

F 2 � 4EG > 0 (1.20)

� parabolic if one real characteristic:

F 2 � 4EG = 0 (1.21)

� elliptic if complex characteristics:

F 2 � 4EG < 0 (1.22)

1.3.1 Elliptic equations

Elliptic problems are typically steady di�usion processes, with no march-
ing properties (neither in space nor in time). The most prominent model
equations are the Laplace and Poisson equations.
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Figure 1.5: Domain and boundaries for an elliptic equation.

Example 1.3 Poisson and Laplace equations ( f = 0 ) : The typical
example for an elliptic equation is the Poisson equation,

@2u
@x2

+
@2u
@y2

= � u = f ; (1.23)

which in the case off = 0 is a Laplace equation. �
For elliptic problems, boundary conditions need to be given at all points

of the boundary, as shown in Fig. 1.5. One can distinguish a number of
di�erent types of boundary conditions, of which the three most common
ones are the following:
Dirichlet boundary condition :

u
�
�
�
@G

= g1(x; y) (1.24)

Neumann boundary condition:

@u
@n

�
�
�
@G

= g2(x; y) (1.25)

Robin boundary condition:
�

@u
@n

+ �u
� �

�
�
@G

= g3(x; y) (1.26)

For elliptic problems, the following observations can be made:

� Compatibility condition in case only Neumann conditions are given:
Start with � u = f and integrate over the whole domain:

Z

G
f dV =

Z

G
� udV =

Z

G
r � r udV (1.27)

Then one can apply the Gauss theorem
Z

G
f dV =

Z

�G
r u � ndS =

Z

�G
g2dS : (1.28)

So one sees that the forcingf and the boundary condition g2 need to
ful�ll speci�c compatibility conditions in order to allow for a solution.
Physically, it expresses that the 
ux through the boundary needs to
be compensated with a source term inside the domain.
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� Solution u is smoother that f .

� well-behaved solutions.

� Since we have to solve for all points at the same time) memory
consuming (see homework problems).

1.3.2 Hyperbolic problems

Typical examples for hyperbolic equations are the wave equation, advection
equation and the compressible Euler equation (transient). Hyperbolic prob-
lems describe advection processes with wave-like character, however without
dissipation (undamped).

Example 1.4 Linear wave equation : The simplest example for a hyper-
bolic problem is the linear wave equation (also called advection or convection
equation),

@u
@t

+ c
@u
@x

= 0 ; (1.29)

with a real speedc. �
To analyse the behaviour of the solution, consider the following:

8
<

:

@u
@t + c@u

@x = 0
du
dt

�
�
�
f

= @u
@t +

dx
dt

�
�
�
f

@u
@x

)
du
dt

�
�
�
f

= ( � � c)
@u
@x

(1.30)

choose:
du
dt

�
�
�
f

= 0 � =
dx
dt

�
�
�
f

= c (1.31)

Classical wave solution:
u = ûei (kx � !t ) (1.32)

Figure 1.6: Solution to the linear wave equation.

� along curvesf with d x=dtjf = c the solution is constant.
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� � is real ) hyperbolic problem

� convection of initial data along characteristics

� Well-posedness means that one needs to provide boundary or ini-
tial conditions according to the number of incoming characteristics
(Fig. 1.7).

Figure 1.7: Well-posedness: the hatched boundaries need to provide bound-
ary or initial conditions.

Example 1.5 Burgers equation :

@u
@t

+ u �
@u
@x

= �
@2u
@x2

(1.33)

� nonlinear equation (here the one-dimensional viscous Burgers equation
in quasi-linear form),

� There is a viscous version and an inviscid version (with� = 0). For
the hyperbolic problem, we consider the inviscid version here.

� speed of the characteristics: dx=dtjf = u

� solution along characteristics: du=dtjf = 0, i.e. constant.

� might lead to crossing of characteristics) shocks, despite smooth
initial conditions, see Fig. 1.8.

�

Example 1.6 System with two characteristics per point : Consider
a hyperbolic problem with two variables u = ( u; v) in a space{time (x; t )
plane. Then the zone of in
uence and the region of dependence of a point
P are wedges starting in P, as shown in Fig. 1.9. �
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Figure 1.8: Development of a shock for the Burgers equation.

Figure 1.9: Dependency of the function value in P for a hyperbolic problem.

1.3.3 Parabolic equation

The most prominent examples of parabolic equations are the heat (or di�u-
sion) equation. Parabolic problems typically describe the following

� equilibrating processes, time dependent

� smoothing properties, smearing out over time.

Figure 1.10: Typical behaviour of a parabolic equation.

Example 1.7 Heat equation : The typical example for a parabolic equa-
tion is the heat (or di�usion) equation, which can be written in one or
multiple dimensions. In the 1D case is reads

@u
@t

= �
@2u
@x2

(1.34)
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�
In order to determine the type of the heat equation, we rewrite the

equation as a system of two �rst-order equations,
(

@u
@t � � @v

@x = 0
@u
@x = v

(1.35)

So:

u =
�

u
v

�
; A =

�
1 0
0 0

�
; B =

�
0 � �
1 0

�
; c =

�
0
v

�
(1.36)

the heat equation is parabolic:

det(B � �A ) = det

�
�
�
�
� � � �
1 0

�
�
�
� = � � � 0 + � = 0 (1.37)

because� = 1 is real and the two eigenvectors are the same. The char-
acteristics are thus horizontal in a space{time plot (Fig. 1.11). Boundary
conditions need to be given on�Z and initial conditions on G. Note the
compatibility between �Z and G.

Figure 1.11: Space{time plot of a parabolic equation.

Example 1.8 Linear system of equations :

@u
@t

+
�

a b
b a

�
@u
@x

= 0 (1.38)

u =
�

u1

u2

�
; A =

�
1 0
0 1

�
; B =

�
a b
b a

�
; c = 0 (1.39)

Characteristic equation:

(B � �A )
@u
@x

= � A
du
dt

�
�
�
f

+ c (1.40)
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� =
dx
dt

�
�
�
f

(1.41)

Eigenvalues:
Ba = �a (1.42)

Hyperbolic case:

a1;2 =
�

1
� 1

�
; � 1;2 = a � b (1.43)

So that:

T � 1 =
�
a1 a2

�
=

�
1 1
1 � 1

�
u = T � 1! (1.44)

T =
�

1=2 1=2
1=2 � 1=2

�
! = Tu (1.45)

So that:
@!
@t

= TBT � 1 @!
@x

= 0 (1.46)

@!1
@t

+ � 1
@!1
@x

= 0 )
dx
dt

= � 1 )
d! 1

dt
= 0 (1.47)

@!2
@t

+ � 2
@!2
@x

= 0 )
dx
dt

= � 2 )
d! 2

dt
= 0 (1.48)

�

1.4 Main points to remember

) 3 di�erent types of PDE

� hyperbolic: convection and waves

� parabolic: time-dependent di�usion

� elliptic: steady di�usion

� mixed

) Numerical treatment and boundary/initial conditions depend on type.
) Characteristics (hyperbolic problems) transport information.
) Well-posedness.
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2 Finite-di�erence schemes

Finite di�erences (FD):

� the dependent variables,u(x; t ), are considered to exist at discrete grid
points, leading to grid functions, e.g.: ui;j = u(x i ; yj ), un

j = u(x j ; tn ),
etc.;

� derivatives are approximated by di�erences, leading to an algebraic
representation of the PDEs.

In case of equidistant grid points (not necessary, in general)

� x =
L x

Nx � 1
� y =

L y

Ny � 1
; (2.1)

where L x and L y are the domain size andNx and Ny the number of grid
points in the two directions. This then de�nes the so-called grid function

uij = u(x i ; yj ) :

The discretisation in time (Chapter 3) is typically added as a superscript

un
j = u(x j ; tn ) :

Figure 2.1: (Left) Example of a �nite di�erence approximation on a 2D
equidistant grid and (right) �rst order approximation.

2.1 Derivation of �nite di�erence schemes

General principle: Use Taylor series, and cancel error terms up to a speci�c
order.
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u(x + � x) = u(x) + � x
@u
@x

+
1
2!

� x2 @2u
@x2

+
1
3!

� x3 @3u
@x3

+ ::: (2.2)

@u
@x

=
u(x + � x) � u(x)

� x
�

1
2

� x
@2u
@x2

+ O(� x2) (2.3)

which can be written as a matrix-vector product:

uN =

0

B
B
B
B
@

: : :
ui � 1

ui

ui +1

: : :

1

C
C
C
C
A

; D N
+ =

1
� x

0

B
B
@

: : : : : :
� 1 1

� 1 1
: : : : : :

1

C
C
A ) u0

N ' D N
+ �uN

(2.4)
Central di�erence (second order):

D0ui =
ui +1 � ui � 1

2� x
= u0(x i ) + O(� x2) (2.5)

Backward/left-sided di�erence (�rst order):

D � ui =
ui � ui � 1

� x
= u0(x i ) + O(� x) (2.6)

Forward/right-sided di�erence (�rst order):

D+ ui =
ui +1 � ui

� x
= u0(x i ) + O(� x) (2.7)

2.2 Truncation error

The truncation error is the di�erence between the numerical and exact
derivative, and due to selecting a number of discrete points in space with a
�nite spacing, i.e. grid spacing � x > 0. Using Taylor expansion:

D0ui � u0
�
�
�
x i

=
u(x i + � x) � u(x i � � x)

2� x
�

du
dx

�
�
�
x i

(2.8)

D0ui � u0
�
�
�
x i

=
1
6

� x2 d3u
dx3

�
�
�
x i

+ � � � = O(� x2) : (2.9)

In this case, the leading error term isO(� x2), therefore D0 is called �nite
di�erences of secondorder. Important: The error goes to zero for � x ! 0.
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2.3 Modi�ed wavenumber

With a Taylor expansion we performed a local analysis in terms of the grid
spacing. The concept of the modi�ed wavenumber allows to perform a global
analysis in terms of wave numbers.

Consider a function periodic onL = 2 � .

u(x) = eikx (2.10)

ei� = cos � + i sin � (2.11)

Exact derivative for a Fourier mode:

u0(x)exact = ike ikx (2.12)

Using a �nite di�erence schemes:

u0(x)num = i ~keikx ) ~k(k) =
u0(x)num

ieikx (2.13)

The exact modi�ed wavenumber would be ~k = k. Any departure from from
that is a measure of the global accuracy of the chosen scheme, as a function
of wavenumberk, i.e. the scale (or wavelength) of the derivative considered.

Example 2.1 Central di�erence scheme :

u0(x)num =
u(x + � x) � u(x � � x)

2� x
=

1
2� x

�
eik (x+� x) � eik (x� � x)

�

(2.14)

u0(x)num = i
sin(k� x)

� x
eikx = i ~keikx (2.15)

so:
~k(k)� x = sin( k� x) ; k = 0 ; : : : ;

N
2

(2.16)

As shown in Fig. 2.2b, for long wavelengths (region A) the approximationD0

is good, however for short waves (region B), increased damping of the deriva-
tive is observed. Note: for asymmetric schemes, the modi�ed wavenumber
is complex, leading not only to amplitude errors but also to phase errors
(lagging of waves) in the derivative. �

2.4 Table: Finite di�erence formulas for �rst derivatives

Left-sided �nite di�erence scheme �rst order:

@u
@x

�
�
�
�
x i

=
ui � ui � 1

� x
+

� x
2

@2u
@x2

�
�
�
�
x i

+ : : : (2.17)
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Figure 2.2: (Left) Fourier decomposition of a certain function (right) modi-
�ed wave-number.

Left-sided �nite di�erence scheme second order:

@u
@x

�
�
�
�
x i

=
3ui � 4ui � 1 + ui � 2

2� x
+

� x2

3
@3u
@x3

�
�
�
�
x i

+ : : : (2.18)

Right-sided �nite di�erence scheme �rst order:

@u
@x

�
�
�
�
x i

=
ui +1 � ui

� x
�

� x
2

@2u
@x2

�
�
�
�
x i

+ : : : (2.19)

Right-sided �nite di�erence scheme second order:

@u
@x

�
�
�
�
x i

=
� 3ui + 4ui +1 � ui +2

2� x
+

� x2

3
@3u
@x3

�
�
�
�
x i

+ : : : (2.20)

Central �nite di�erence scheme second order:

@u
@x

�
�
�
�
x i

=
ui +1 � ui � 1

2� x
�

� x2

6
@3u
@x3

�
�
�
�
x i

+ : : : (2.21)

Central �nite di�erence scheme fourth order:

@u
@x

�
�
�
�
x i

=
� ui +2 + 8ui +1 � 8ui � 1 + ui � 2

12� x
+

� x4

30
@5u
@x5

�
�
�
�
x i

+ : : : (2.22)

2.5 Table: Finite di�erence formulas for second derivatives

Left-sided �nite di�erence scheme �rst order:

@2u
@x2

�
�
�
�
x i

=
ui � 2ui � 1 + ui � 2

� x2 + � x
@3u
@x3

�
�
�
�
x i

+ : : : (2.23)

Left-sided �nite di�erence scheme second order:

@2u
@x2

�
�
�
�
x i

=
2ui � 5ui � 1 + 4ui � 2 � ui � 3

� x2 �
11� x2

12
@4u
@x4

�
�
�
�
x i

+ : : : (2.24)
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Right-sided �nite di�erence scheme �rst order:

@2u
@x2

�
�
�
�
x i

=
ui +2 � 2ui +1 + ui

� x2 � � x
@3u
@x3

�
�
�
�
x i

+ : : : (2.25)

Right-sided �nite di�erence scheme second order:

@2u
@x2

�
�
�
�
x i

=
2ui � 5ui +1 + 4ui +2 � ui +3

� x2 +
11� x2

12
@4u
@x4

�
�
�
�
x i

+ : : : (2.26)

Central �nite di�erence scheme second order:

@2u
@x2

�
�
�
�
x i

=
ui +1 � 2ui + ui � 1

� x2 �
� x2

12
@4u
@x4

�
�
�
�
x i

+ : : : (2.27)

Central �nite di�erence scheme fourth order:

@2u
@x2

�
�
�
�
x i

=
� ui +2 + 16ui +1 � 30ui + 16ui � 1 � ui � 2

12� x2 +
� x4

90
@6u
@x6

�
�
�
�
x i

+ : : :

(2.28)

2.6 Table: Finite di�erence formulas for third derivatives

Central �nite di�erence scheme second order:

@3u
@x3

�
�
�
�
x i

=
ui +2 � 2ui +1 + 2ui � 1 � ui � 2

2� x3 �
� x2

4
@5u
@x5

�
�
�
�
x i

+ : : : (2.29)

Central �nite di�erence scheme fourth order:

@3u
@x3

�
�
�
�
x i

=
� ui +3 + 8ui +2 � 13ui +1 + 13ui � 1 � 8ui � 2 + ui � 3

8� x3 +
7� x4

120
@7u
@x7

�
�
�
�
x i

+ : : :

(2.30)

2.7 Table: Finite di�erence formulas for fourth derivatives

Central �nite di�erence scheme second order:

@4u
@x4

�
�
�
�
x i

=
ui +2 � 4ui +1 + 6ui � 4ui � 1 + ui � 2

� x4 �
� x2

6
@6u
@x6

�
�
�
�
x i

+ : : : (2.31)
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3 Discretisation in time

So far we have considered the discretisation in space:

@u
@t

+
@u
@x

= 0
@u
@x

�
�
�
i

�
ui � ui � 1

� x
+ O(� x) (3.1)

Semidiscretization:

@u
@t

= L(u) = �
@u
@x

)
dui

dt
= L N (ui ) (3.2)

We have a transformation of the original PDE to an ODE of the grid func-
tion.

3.1 Euler method

Now we need to �nd methods to integrate an ODE of the form dui =dt =
L N (ui ). The most straightforward way is to use �rst-order �nite di�erences
in time: the so-called Euler method.

dui

dt
�

un+1
i � un

i

� t
+ O(� t) : (3.3)

Note that the superscripts n and n + 1 denote the time level. The question
is when to evaluateL N , which gives two variants:

� Euler forward:
un+1

i � un
i

� t
= L N (un

i ) (3.4)

� Euler backward:
un+1

i � un
i

� t
= L N (un+1

i ) (3.5)

The di�erence is that the right-hand side (RHS) is evaluated at either the
old time step tn or the new time step tn+1 .

Example 3.1 Advection equation : Euler forward (forward time back-
ward space { FTBS), explicit :

un+1
i � un

i

� t
= �

un
i � un

i � 1

� x
= � D � un

i ) un+1
i = un

i �
� t
� x

(un
i � un

i � 1)

(3.6)

� one equation per grid point

� easy to implement, very straight-forward

� However, usually restriction on time step size � t
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Figure 3.1: Graphical representation of the (right) explicit and (left) implicit
Euler method in a space{time plane.

Euler backward (backward time backward space { BTBS), implicit :

un+1
i � un

i

� t
= �

un+1
i � un+1

i � 1

� x
= � D � un+1

i ) (1 + � tD � )un+1
i = un

i

(3.7)

� For each time step, we have to solve an equation system:

Aun+1
i = un

i (3.8)

� It is more di�cult to implement, and it has larger memory require-
ments, which scales asN D � N D , where N and D are the number of
grid points and the dimensions of the problem, respectively.

� It has larger stability bounds.

�
Other popular time-integration methods are:

� Crank{Nicolson: it is a combination of explicit and implicit Euler,
giving order � t2 (see HW2).

� Runge-Kutta (RK) with substeps (HW3),

� multi-steps methods, e.g.: Adams{Bashforth (explicit) and Adam{
Moulton (implicit).

Some of these methods will be used in the homeworks. Note that for instance
Matlab and Python include implementations of these integration schemes.

3.2 Characteristic polynomial

The ampli�cation factor G(z) de�nes the characteristic polynomial for the
various integration schemes, as well as the exact integration of the Dahlquist
equation. With z = � � z one gets
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� explicit Euler method:

G(z) =
un+1

un = 1 + z (3.9)

� implicit Euler method:

G(z) =
1

1 � z
(3.10)

� Crank{Nicolson method:

G(z) =
1 + z=2
1 � z=2

(3.11)

� exact:
G(z) = ez (3.12)

One can see that the charactersitic polynomials for the di�erent integration
methods are essentially rational approximation of the exponentialez around
z = 0, as illustrated in Fig. 3.2. It becomes also obvious that the behaviour of

Figure 3.2: Characteristic polynomial for various approximations G(z) with
real z = � � x: explicit Euler (EE), implicit Euler (IE), Crank{Nicolson
(CN). The hatched area indicates the region where the schemes are unstable.

the di�erent schemes di�ers as z ! �1 . Such problems are typically called
sti� problems as they are related to very fast time scales (large negativez).
The explicit Euler scheme diverges towards minus in�nity, which shows that
it is, as shown above, unstable for large negativez. The Crank{Nicolson
scheme goes to� 1, and the implicit Euler scheme to 0, as does the exact
solution. This shows that CN tends to give stable (i.e. non growing) but
oscillating results, which is not the case for the implicit Euler scheme which
will converge monotonically.

In this context, two expressions can be de�ned: An integration scheme
is called
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� A-stable if jGj � 1 for all � � 0,

� and L-stable if in addition lim z!�1 G(z) = 0.

The latter schemes are best suited for sti� problems.

3.3 Table: Finite di�erences for the integration of ODEs

Ordinary di�erential equation:

du
dt

= f (u; t ); un = u(tn ); f n = ( un ; tn ); tn = n� t (3.13)

Explicit Euler scheme, order O(� t):

un+1 = un + � t � f n (3.14)

Implicit Euler scheme, order O(� t):

un+1 = un + � t � f n+1 (3.15)

(Generalised) Crank-Nicolson scheme:

un+1 = un + � t([1 � � ] � f n + [ � ] � f n+1 ) ; 0 � � � 1 (3.16)

[The standard Crank{Nicolson scheme is given by� = 0 :5 with order O(� t2);
the explicit and implict Euler schemes are obtained with � = 0 and � = 1,
respectively.]
Standard Runge{Kutta scheme (RK4), order O(� t4):

un+1 = un +
� t
6

(f n + 2k1 + 2k2 + k3) (3.17)

with : u1 = un +
� t
2

f n ; k1 = f (u1; tn+ 1
2 ); tn+ 1

2 = tn +
� t
2

(3.18)

u2 = un +
� t
2

k1; k2 = f (u2; tn+ 1
2 ) (3.19)

u3 = un + � tk2; k3 = f (u3; tn+1 ) (3.20)

3.4 Points to remember

Finite di�erences:

� approximation of derivatives via Taylor expansion;

� modi�ed wavenumber: global (spectral) analysis;

� semidiscretisation: PDE transformed to ODE.

� time discretisation: explicit & implicit.
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4 Analysis of the discretised equations

Summary:

� Physical model ) PDE.

� Classify PDE ) expected behaviour.

� Choose discretisation ) FD, however

{ central di�erences / skewed di�erences;

{ time integration (explicit, implicit).

Can we choose any discretisation? NO!

Now, analysis of the discretised system:

1. Consistency | order of accuracy;

2. Stability | von Neumann analysis, modi�ed di�erential equation;

3. Convergence | Lax{Richtmyer (LR) equivalence theorem;

To answer the questions:

1. How well do we approximate the PDE?

2. Sensitivity to disturbances, i.e. will the solution blow up at some time?

3. Do we really approximate a true (correct) solution?

Figure 4.1: Schematic representation of the concepts of consistency, stability
and convergence.
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4.1 Convergence

Does the numerical solution approach the exact solution as the mesh is
re�ned?

De�nition 4.1 Convergence :

jjun
j � u(x j ; yn )jj � C(� xp + � tq); for � x; � t ! 0; with p; q; C > 0 (4.1)

where p and q are the rate of convergence. �
It is very di�cult to show convergence without knowing the exact solu-

tion, however we can use a theorem by Lax and Richtmyer:Given a linear,
well-posed initial value problem, if the FD approximation isconsistent and
stable , convergence is assured (necessary and su�cient condition).
8
<

:

Consistency: lim
� x; � t ! 0

T ! 0

Stability: jGj < 1
, Convergence: lim

� x; � t ! 0
un

j ! u(x j ; tn )

(4.2)
Therefore, it is important to discuss the concepts of consistency (Section 4.2)
and stability (Section 4.3).

4.2 Consistency

Consistency essentially means how well we approximate the PDE.

PDE: P(x; t; @x ; @t )[u] = f; u (x; 0) = g (4.3)

discrete: PN (x; t; � x; � t)[un ] = f N ; uN (x; 0) = gN (4.4)

Therefore, one de�nes the truncation error as the di�erence between exact
PD and its discrete representation:

De�nition 4.2 Local truncation error :

T(x j ; tn ) = P[v]x j ;t n � PN [vN ]x j ;t n (4.5)

�
Consistency now means that this error needs to go to zero for smaller

and smaller grid spacings in space and time.

De�nition 4.3 Consistency :

jjT(x j ; tn )jj � C(tn )(� xp + � tq) with: C; p; q > 0

wherep and q are called the (consistency) order of the spatial and temporal
discretization, respectively. �
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Example 4.1 Advection equation :

@u
@t

+ a
@u
@x

= 0 (4.6)

FTBS (forward time, backward space):

un+1
j � un

j

� t
+ a

un
j � un

j � 1

� x
= 0 (4.7)

Idea: Use Taylor expansion:

un+1
j = u(x j ; tn ) + � tu t +

1
2

� t2utt + O(� t3)

un
j � 1 = u(x j ; tn ) � � xux +

1
2

� x2uxx + O(� x3)
(4.8)

Substituting equation (4.8) into (4.7):

@u
@t

+ a
@u
@x

= �
1
2

� tu tt + a
1
2

� xuxx + O(� t2) + O(� x2) (4.9)

Using (4.5) to get the truncation error

T(x j ; tn ) = �
1
2

� t u tt
| {z }

q=1

+
1
2

a � � x uxx
| {z }

p=1

+ O(� t2; � x2) : (4.10)

The truncation error is order one in time and space (order of accuracy).
Therefore, the above discretisation is indeed consistent. Using the PDE to
relate utt and uxx (equality of mixed partials):

utt = a2uxx and � =
a� t
� x

) T(x j ; tn ) =
1
2

a� x(1 � � )uxx (4.11)

�

Example 4.2 DuFort{Frankel scheme : There are schemes that are
so-called conditionally stable, ase.g. the DuFort{Frankel scheme applied
to the di�usion equation. In this case, a condition relating both the grid
spacing � x and the time step � t arises due to consistency, rather than due
to stability as for most other cases (note that the DuFort{Frankel scheme is
unconditionally stable). �

4.3 Stability

A stable numerical scheme is a scheme for which errors from any source
(round o� and truncation) are not permitted to grow as the calculation
proceeds from one time (or marching) step to the next. In short: the errors
must not amplify.
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Consider the schemePN [uN ] = 0 (as before). Write it in the following
explicit form

un+1
N = G(� x; � t)un

N ; with initial condition: u0
N (4.12)

Starting from time t = 0, we can write

un
N = Gun� 1

N = G(G(un� 2
N )) = � � � = Gnu0

N : (4.13)

Due to linearity, the errors uN + " ful�ll the same discretised equation,
thereby being ampli�ed with the same operator G:

PN (" ) = 0 ) "n
N = Gn "0

N (4.14)

G is called ampli�cation factor/matrix for the proper discretisation.
Therefore, in order to make sure that errors" do not amplify, stability

means that jjGjj � 1.

4.3.1 Absolute stability for an ODE

Let us consider the Dahlquist equation (see HW2):

u0 = �u; � 2 C = � r + i� i (4.15)

This equation has the exact solution:

u(t) = Ae�t (4.16)

If we de�ne \stability" of a scheme as \ u should not grow", the exact solution
is stable for � r = Re(� ) � 0, i.e. the left halfplane of the complex z = � � t
plane. Let us apply the Euler forward integration scheme,

un+1 � un

� t
= �u n ) un+1 = (1 + � � t)

| {z }
G(� t �� )

un (4.17)

Stability now means jGj � 1, i.e. the solution does not increase from one
time step to another. Using z = � � t, then

jGj � 1 , j 1 + � � t j = j1 + zj � 1 ; (4.18)

which is the description of a circle in the complexz-plane with radius 1 and
origin at -1, as shown in Fig. 4.2. The integration of (4.15) via (4.17) is
stable if z = � � t is within the hatched area in Fig. 4.2. Compare this to
the analytical region of stability (not A-stable).
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